in the 3-dimensional Euclidean space and denote by Δ its Laplacian. A well-known result due to Takahashi states that minimal surfaces and spheres are the only surfaces in R 3 satisfying the condition Ax = λx, for a real constant λ. From the formula Ax = -2H, where H is the mean curvature vector field, we know that those surfaces also verify the condition AH = λH. Thus, it is worthwhile to explore the existence of other surfaces satisfying that condition. The answer is given in [FGL] , where the authors (jointly with O. J. Garay), as a consequence of the main theorem there, get the following THEOREM 0. In this paper, see §3, we solve the above two problems.
1. The Laplacian of the mean curvature vector field. Let Mj be a surface in L 3 with index 5 = 0,1. Denote by σ, A, H, V and V the second fundamental form, the shape operator, the mean curvature vector field, the Levi-Civita connection of Mj and the usual flat connection of L 3 , respectively. Let N be a unit vector field normal to Mj and let a be the mean curvature with respect to N 9 i.e., H = aN.
In order to compute AH at a point p G Mj, choose a local orthonormal frame {E\, Eι) such that V E Ej(p) = 0. From the formula To find a nice expression of tr VA, we distinguish three cases, according to the canonical form of A. Case 1. A is diagonalizable. Let {X\, X{\ be a local orthonormal basis of eigenvectors of A, i.e., AXi -μiXi. Then from the connection equations one has
where ε, = (X,, X,).
Now, from the Codazzi's equation (Vx A)X 2 = (Vχ 2 A)X\, we get
which, jointly with (1.2), yields
Case 2. A is not diagonalizable and its minimal polynomial is (x -β) 2 . Now, it has to be ε = 1 and we can choose a local null frame {X x , X 2 }, i.e., (X!, X x ) = {X 2 ,X 2 ) = 0 and (X x , X 2 ) = -1, such that ΛΛTi = /?Xi + X 2 and ^X 2 = β^2 Now we have
By using again the Codazzi's equation we get X 2 (β) = 0 and considering that β is the mean curvature, one obtains from (1.4) that
Case 3. A is not diagonalizable and its minimal polynomial is
, γ Φ 0. Here, it must be ε = 1 and we can choose a local orthonormal frame {X\, X 2 ) such that ^4Xi = βX\ -γX 2 , = yX\ + βX 2 . Writing e, = (Z/, ΛΓ, ), we have
From the Lorentzian structure of the tangent space, one has ώ\ = ω\, and using once more the Codazzi's equation we find
where Vα is the gradient of a and ε = (N, N).
Some examples of surfaces with AH = λH.
We are going to describe some examples of surfaces in L 3 satisfying the condition AH = λH for a real constant λ. A straightforward computation shows that the unit normal vector field is written as N = (l/r)(δ\x 9 y, δ 2 z)\ the principal curvatures are μ\ = -δ\/r and μ 2 = -δ 2 /r. Then, the mean curvature is given by a = (ε/2)(μi + μ 2 ) = (-e/2r)(δ\ + δ 2 ) and it is easy to show that \A\ 2 = μ\ + μ\ = (l/r 2 )(δ x + δ 2 ). Therefore, by using formula (1.8), we have AH = {ε/r 2 ){δ λ + δ 2 )H. We have listed all possibilities in Table 1 . only non-minimal surfaces satisfying the condition AH = λH, but in the Lorentzian situation we find a richer family of surfaces satisfying that condition, as the above examples show. In particular, we would like to point out the chief difference among the i?-scroll example and the other ones. In fact, in the first five cases (see Table 1 ) the shape operator is diagonalizable, whereas in a 2?-scroll it takes, in the usual frame {dΨ/ds, ΘΨ/du} , the following form
and its minimal polynomial is (x -w 0 ) 2 . Taking exterior differentiation in (3.3) and using the structure equations we obtain dω ι -0. Therefore, one locally has ω 1 = dv, for some function υ , that jointly with (3.5) yields da Λ dv = 0. Then, a depends on v , a = a(v), and therefore da = a! dv -a'ω 1 and E { (a) = a'. Now, by exterior differentiation in (3.5) and using again the structure equations, one gets (3.6) 4αα>2
Main results.
where ε, -{Ej, Ej). Then a direct computation from (3.6) allows us to write down the following differential equation
It is easy to see that a first integral is given by 
